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In this note, we survey on relations between the ε-factor and intrinsic invariants for ram-
ified factors piv of automorphic representations on GL(n). In the second section, two different
integral presentations of the Standard L-function are recalled. In sections §3,§4, for each of
these integrals, the proportional factors of local functional equation are calculated to be related
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§ 1. Motivation and Problem
, , Dirichlet L- ε-
, GL(n) L- ,
L- ε- ,
§ 1.1. ε-
Q E : y2 = 4x3 − g2x − g3, (gi ∈ Q) , NE :=∏
p|∆E p
fp , fp := ordp∆E + 1−#pi0(Ep) 1 , E conductor
, ∆E := g32 − 27g23 E discriminant, E E Ne´ron







1− aEp p−s + p p−2s
)−1 when p 6 |∆E(
1∓ aEp p−s
)−1 when Ep : split/non-split Gm
1 when Ep : Ga
ΓC(s) when p =∞
, Re s > 32 , Ep E mod. p reduction,
aEp := p+ 1−#Ep(Fp) ,





w ∈ {±1} 
w ·N1−sE , ε(s;E) E ε-
, modularity(Theorem 1.2) L- (Proposition 1.3)
, E conductor NE , L-
Theorem 1.2 (modularity [Wil], [Ta-Wi], [Br-Co-Di-Ta]).





, s L(s;E) = L(s; fE) 
, L(s; f) , f L- ,
χ , (m,N) = 1 , κ,








)× → C× , χ-twisted L-














, Hecke eigen , a1 = 1 Tpf = apf for ∀p 6 |N
, Tp p Hecke
Proposition 1.3 (χ-twisted L- ).
L(s; f × χ) , s- , f |κ[ −1N ] = w
√−1κf ,






· χ(N)× (mκ/2−s)2Nκ/2−s)× L(κ− s; f × χ)
, w ∈ C(1), τ(χ) χ Gauss 
Proof. χ , z = x +
√−1y , f



















, [ −1N ]- ,

















, L- Dirichlet Euler ,
ε(s; f × χ) , χ-twisted L- ε-
§ 1.2. GL(n) L-
, F , A , GL(n) F n
, Z , Fv ⊃ Ov F v ,
Pv = $Ov Ov Ov/Pv qv
Definition 1.4. ω : A× → C(1) , ϕ :
GLn(A)→ C , ω ,




(g∞gfin) smooth in g∞ ∈ GLn(F∞),
138 Yoshi-hiro Ishikawa
(3) dimC 〈 ϕ(∗k) | ∀k ∈ K∞ ×Kfin 〉 <∞ , , K∞ :=
∏
v|∞Kv,
Kv := O(n) (v ), U(n) (v ) Kfin ⊂ GLn(Afin) compact ,
(4) dimC 〈 ddtϕ(exp tX)
∣∣
t=0






























, m0(pi) (cf. [Sha]) ,
pi ∈ GLn(A)∧adm m0(pi) = 1 , GL(n)
, pi ∼= ⊗′vpiv, piv ∈ GL(n)∧adm(See §5.1) (cf.
[Fla]) , v , piv (spherical )
(i.e. V GLn(Ov)piv 6= {0}) piv ∈ GL(n)∧adm , F×






(χ1,v  · · ·  χn,v) ⊗
1Un(Fv) (cf. Theorem 5.26) , [Bum] §3.3
Definition 1.5. pi ∼= ⊗′vpiv , F Hecke χ
twisted L-
LS(s;pi × χ) :=
∏
v 6∈S




, χ , LS(s;pi × 1) LS(s;pi) , L-
, S F , , piv χv









1 − apχ(p)p−s + pκ−1p−2s
)−1
, LS(s;pi) , L- (S )
, Langlands Philosophy , ”
































Artin , ( GL(n)
L- ) , modularity: -Weil Fermat
, GL(n) L- , Re s
0 , s ∈ C ,
, ” L- ”Lv(s;piv) (v ∈ S)
, L- L(s;pi) :=
∏
v≤∞ Lv(s;piv) ,
(1.2.1) L(s;pi) = ε(s;pi)L(1− s;pi∨)
, , (pi∨, V ∨pi ) , (pi, Vpi) (i.e.
V ∨pi := {ϕ(t∗−1)|ϕ ∈ Vpi}, pi∨(g) := pi(tg−1))
(1.2.1) ε- ε(s;pi) ,
ε(s; f × χ) ε(s;E) ,
§ 1.3. ”Good” zeta ε-
, GL(n) L- 4 ,




Definition 1.6. Z(s; ??) := ∫
H(F )\H(A) ? ? dh , pi L- L(s;pi)
”Good” zeta , (cf. [Ge-Sh] §1.7)
(1) Z(s; ??) = Z(1− s; ??∨),
(2) Euler Z(s; ??) = ∏v{∫H(Fv) ∗ ∗ dhv},
Zv(s; ∗∗) ,
(3) Zv(s; ∗∗) = Lv(s;pi◦v), for ∀v 6∈ S,
, S F ,
(4) L- v ∈ S , {Zv(s; ∗∗)} Lv(s;piv) ,
(5) Zv(1− s; ∗∗∨) = γv(s;piv, ψv)×Zv(s; ∗∗),
, ψv ∗∗ Fv .
?? ∗∗ , pi, piv ,
4 , G(A) pi G ”L- LG” r ,
L- L(s;pi, r) , L(s;pi, r) , ,
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”Good” zeta 5 , L(s;pi) , (1.2.1)
, ε-



























, εv(s;piv, ψv) ,




v∈S εv(s;piv, ψv) =: ε(s;pi)
6, L- ε- Euler
§ 1.4. ε-
, §1.2 Langlands Philosophy §1.1 ,
GL(n) pi ε- εv(s;piv, ψv) , ” ”
, , pi
piv εv(s;piv, ψv) ,
Problem ε- εv(s;piv, ψv) pi piv
Theorem 1.1 , pi ” Npi” ,
”εv(s;piv, ψv) Npi v- ”
, , Proposition 1.3 ,
, χ Gauss τ(χ) Dirichlet L- Hecke
L- , χ GL(1) , pi ”Gauss τ(pi)”
,
”εv(s;piv, ψv) τ(pi) ”
5 , L- L(s;pi, r) , zeta
GL(n) L- L(s;pi) , zeta ,





§ 2. Two integral presentations of the Standard L-function






Jacquet-PiatetskiShapiro-Shalika , , Hecke GL(1)




Definition 2.1. ϕ ψ : F\A→ C× ,





, ψUn Un(See §5.1)
ψUn :Un(F )\Un(A)→ C×
u 7→ ψ(u12 + · · ·+ un−1 n)
, (See §5.1) ,
Theorem 2.2 (Fourier-Whittaker [PS], [Sha]).












7§2.1,§2.2 , [ ] Chap.1 GL(n)×GL(m) convolution L-
,
142 Yoshi-hiro Ishikawa
, ϕ ψUn-Whittaker ,
Wϕψ (ug) = ψUn(u)W
ϕ
ψ (g), ∀u ∈ Un(A)
, Wϕψ Ind
GLn(A)
Un(A) ψUn , (pi, Vpi)





Λψ , gC :=
∏





, Archimedean IndGLn(Fv)Un(Fv) ψUn ,
(IndGLn(Fv)Un(Fv) ψUn)mg , intertwiner Λψ
Theorem 2.3 (Whittaker [Sha]).






1 pi generic 8 , Theorem Hom-
Λψ Whittaker
Proof. , pi ∼= ⊗′vpiv (cf. [G-G-PS], [Fla])
Theorem 2.4









, v|∞ , (IndGLn(Fv)Un(Fv) ψUn)mg 
1 piv generic 9 , intertwining space
Λψv , ξv ∈ Vpiv Λψv , W ξvv , Whittaker
Wψ(piv) := {W ξvv | ξv ∈ Vpiv}
Fact generic piv , GLn(Fv)- Vpiv ∼=Wψ(piv)
Proof. GLn(Fv) ,
B(n1gn2) = ψUn(n1)B(g)ψUn(n2), ∀n1, n2 ∈ Un(Fv)
Bessel IndGLn(Fv)Un(Fv) ψUn , GLn(Fv)-
intertwiner , Bessel B
8pi , Shalika (Definition 5.18 ) , pi generic












g 7→ gσ := JngJn Bessel B ,





, IndGLn(Fv)Un(Fv) ψUn , Schur ,
ϕ pi ∼= ⊗′vpiv ⊗vξv
,






L- L(s; f) , , (1.1.2)











) χ(x) |x|s−n−12 dx
, ϕ pi χ-twisted L- L(s;pi × χ) ”Good” zeta
, , n = 2
Euler ,


























, un ∈ Un−2
Pn , ,
, Z(s;ϕ, χ) , s ∈ C ,
, s
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ϕ ∈ (pi, Vpi) , ϕ∨(g) := ϕ(tg−1) , ϕ∨ ∈ (pi∨, V ∨pi )




(ι ◦ Pn ◦ ι ϕ)([x 1])χ(x)|x|s− 12 dx
Z(s;ϕ, χ)
Proposition 2.6 ( , ).
Z(s;ϕ, χ) , s ,
Z(s;ϕ, χ) = Z∨(1− s;ϕ∨, χ)
, 
, Pn , ;












Re s 0 

















Z(s;ϕ, χ) , χ(γx) = χ(x), for ∀γ ∈ GL1(F )
Proposition χ(x) =
∏













Re s 0 11 Zv(s;Wv, χv)
λ = (λ1, . . . , λn) ∈ Zn λ1 ≥ · · · ≥ λn , λ λ






7→ (tλ11 · · · tλnn )
(ρλ, Vλ) piv , spherical vector ξ◦v (See Definition 5.25)





10 Z∨(s;ϕ, χ) , Euler , L(s;pi∨×χ)
”unipotent ” , [ ] §1.2.5
11 piv unitary , Re s ≥ 1 , piv tempered , Re s > 0
unitary , tempered , Appendix §5.6, §5.4
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Proposition 2.8 ( Whittaker [Shin]).






















Proposition 2.9 ( ).
piv, χv , piv Whittaker W ◦v
Zv(s;W ◦v , χv) = Lv(s;piv × χv)
twisted L- L- 
§ 2.3.






pi ∼= ⊗′vpiv, pi∨ ∼= ⊗′vpi∨v , < , >v pi pi∨
, unique , < , >=
∏
v < , >v ,
pi 3 ϕ 7→ ⊗vξv ∈ ⊗′vpiv, pi∨ 3 ϕ∨ 7→ ⊗vξ∨v ∈ ⊗′vpi∨v
, Petersson piv ;
(2.3.1) < pi(g)ϕ,ϕ∨ > =
∏
v≤∞
< piv(gv)ξv , ξ∨v >v .





Definition 2.11. GL(n) 13 ϕ Mn(A) Schwartz
Φ ∈ S(Mn(A)) , Godement-Jacquet , ϕ, ϕ∨ Φ
12 , Whittaker , generic piv n = 2 , piv
generic , n , piv generic (cf. Appendix §5.5)
13n = 1 , ϕ Hecke χ , cϕ,ϕ∨ (g) χ(g) , Godement-
Jacquet , Tate GL(n)
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Mellin
Z(s; cϕ,ϕ∨ ,Φ) :=
∫
GLn(A)
cϕ,ϕ∨(g) Φ(g) | det g|s dg
Re s > n ([Go-Ja] p.164)
, dX (X,Y ) 7→ ψ(trXY ) Mn(A) Haar
, Φ Fourier Φ̂ Φ̂(Y ) :=
∫
Mn(A) Φ(X)ψ(trXY )dX ,
Proposition 2.12 ( , [Go-Ja] Thm.12.4).
Z(s; cϕ,ϕ∨ ,Φ) , s- ,
Z(s; cϕ,ϕ∨ ,Φ) = Z(n− s; c∨ϕ,ϕ∨ , Φ̂)
, c∨ϕ,ϕ∨(g) = cϕ,ϕ∨(g
−1) = cϕ∨,ϕ(g) 
, Euler (2.3.1) ,
Proposition 2.13 (Basic Identity [Go-Ja]).
pi ∼= ⊗′vpiv ϕ ⊗vξv , piv ξv
cξv,ξ∨v (gv) :=< piv(gv).ξv, ξ
∨
v >v , Godement-Jacquet ,













Proposition , Zv(s; ξv, ξ∨v ,Φv) piv ,
piv L-
Proposition 2.14 ( [Go-Ja] Lemma 6.10).
piv ∈ GL(GL(n))∧sphl , IGLn(Fv)Bn(Fv) (χ1, . . . , χn) (cf. §5.1) (χi
) , ξ◦v cξ◦v ,ξ◦v∨ Mn(OF )
Φ◦v Godement-Jacquet , L









Proof. , ξ◦v , ξ
◦
v

























dk Vol(K) = 1 gk = g′ , Φ◦v(g′k−1) =
Φ◦v(g




















, ai,uj,k b ∈ Bn (i, i)-, (j, k)- , d×ai,duj,k Vol(O×v ) = 1,
Vol(Ov) = 1 Haar , IGBn(χ1, . . . , χn)
ξ◦v , , ξ
◦
v(bk) = δBn(b)
1/2 × (χ1  · · · χn)(b)
modulus character , δBn(b) =
∏n
































, Hecke L- -Tate
§ 3. Mirabolic conductors
, Jacquet-PiatetskiShapiro-Shalika , GL(n) L- L(s;pi)
”Good” zeta , ε- ,
parahoric piv 14
Archimedean , Fv,piv v ,
F p- , pi G := GLn(F ) , Ov OF , Pv PF
§ 3.1. Mirabolic parahoric Kmirj
K := GLn(OF ) , PF reduc-
tion map Fq GL(n) Pn(See §5.1) , Pn
parahoric n = (1, . . . , 1) J := ker
(
modPF :
GLn(OF )  B(Fq)
)
15 , ,





, [Cas], [Del] [Ja-PS-Sh-2] , GLn(Fv)
15V Kpi 6= {0} (pi, Vpi) (cf. Appendix §5.7) , V Kpi = {0}, V Jpi 6= {0}
(pi, Vpi) , Langlands correspondence ([Ha-Ta], [Hen]) n-
Galois (ρ, Vρ) , (i.e. V
IF
ρ 6= {0}, IF )
148 Yoshi-hiro Ishikawa
Definition 3.1. j ∈ N , GLn(F ) mirabolic parahoric Kmirj
Kmirj :=

OF · · · OF OF
. . .
...
OF · · · OF OF





OF · · · OF 0
. . .
...
OF · · · OF 0
PjF · · · PjF 1

×
, Kmir0 := K H(j) Theorem 3.12
n = 2 , Kmirj GL(2)/Q adelized Γ1(p
j)
mirabolic parahoric , G filtration
G ⊃ K ⊃ Kmir1 ⊃ Kmir2 ⊃ · · ·
, , GLn(F ) generic
§ 3.2. Kmirj -fixed new vector
Definition 3.2. generic pi ∈ GL(n)∧adm ,
falg(pi) := min
{
j ∈ Z≥ | Vpi(j) 6= {0}
}
pi (algebraic conductor) , Vpi(j) := V
Kmirj
pi (pi, Vpi) Kmirj -fixed
Proposition 3.3 ([Ja-PS-Sh-2] Thm.5.1).
generic (pi, Vpi) , fixed ,







16 ξnew , (pi, Vpi) new vector
falg(pi) 0 , pi (spherical) , ξnew (pi, Vpi) spherical
vector ξ◦v (cf. Appendix §5.7) 17
§ 3.3. L- ε-
pi L- , Whittaker W ,
ZIJPSS(pi, χ) :=
{Z(s;W,χ) ∣∣ W ∈ Wψ(pi)}




= 0 (cf. [Ja-PS-Sh-2] Rem.5.4)
17new vector ξnew Whittaker Wnew(∗) := Λψ
(
pi(∗).ξnew) ,
Z(s;Wnew, χ) pi L- L(s;pi × χ) , (Proposition 2.9)
ξnew , L- ,
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Whittaker 18
Lemma 3.4 (Whittaker [Ja-PS-Sh-1] Prop.2.2).
W , Tn(Fv)-finite {χ1, . . . , χMpi} Schwartz-Bruhat φi ∈

























generic pi χ , Z(s;W,χ) , Re s  0
, q−s 
, pi L-
Definition 3.6. q−s ZIJPSS(pi, χ) q−s
, 1 Ppi,χ(q−s) (χ , Ppi(q−s) )
, Z ∈ ZIJPSS(pi, χ) , P (q−s)Z(s;W,χ) s
P (X) pi ∈ GL(n)∧adm
χ-twisted L-
L(s;pi × χ) := 1
Ppi,χ(q−s)




(Wψ(pi) , C) | Zs(pi(x)W ) = |x|−s+n−12 Zs(W ), ∀x ∈ GL1(Fv)}
, Z(1− s;W∨v , χ) LFs
, Bluhat
Proposition 3.7 (Generic Uniqueness [Ja-PS-Sh-3]).
q−s , dimC LFs = 1 
,
18Lemma Tn(Fv)-finite , Tn(Fv)-
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Proposition 3.8 ( ).
Whittaker W ∈ Wψ(pi) , generic pi, χ ψ
q−s γv(s;pi × χ, ψ) ,
Z(1−s;W∨, χ) = χ(−1)n−1γ(s;pi×χ, ψ)×Z(s;W,χ)
γ(s;pi × χ, ψ) , §1.4 Problem
ε-
Definition 3.9. pi ∈ GL(n)∧adm , χ-twisted ε- 19
ε(s;pi × χ, ψ) := γ(s;pi × χ, ψ) L(s;pi × χ)
L(1− s;pi∨ × χ)
L(s;pi × χ) , s
Z(1− s;W∨, χ)
L(1− s;pi∨ × χ) = χ(−1)
n−1ε(s;pi × χ, ψ)× Z(s;W,χ)
L(s;pi × χ)
,
Proposition 3.10 ([Ja-PS-Sh-3] Thm.2.7).
χ generic pi ,
ε(s;pi × χ, ψ) = c× (q−s)N
c ∈ C×, N ∈ Z≥ 
§ 3.4. Kmirj -fixed ε-
, Hecke χ GL1(A) 1
Proposition 3.10 , pi ε- ε(s;pi×1, ψ) = c× (q−s)N N , pi
ψ , ψ (i.e. ψ|OF = 1 ψ|P−1F 6= 1)
Definition 3.11. generic pi , ψ ε-
ε(s;pi×1, ψ) = ε(0;pi×1, ψ)×(q−s)fan(pi) fan(pi) pi analytic conductor
Jacquet , Theorem 1.1
Theorem 3.12 (mirabolic conductor [Ja-PS-Sh-2] Thm.5.1).
generic pi ∈ GL(n)∧adm ,
(1) fan(pi) = 0 , pi
(2) fan(pi) > 0 , pi analytic conductor fan(pi) = falg(pi) 
19pi, χ , ε(s;pi × χ, ψ) = 1
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,
pi′◦ ∈ GL(n− 1)∧sphl , diag
(





W ∈ Wψ(pi) , pi′◦ ψUn−1 - Whittaker convolution













) | deth|s−1/2 dh
, X = q−s, Un−1(F )\GLn−1(F )
Fact 1 ([Ja-PS-Sh-2] lem.3.4) W1, W2 ∈ Wψ(pi∨) ,
Z(X; ∗, χ′1, . . . , χ′n−1) C , H = {diag(h, 1) |h ∈ GLn−1(F )}
W1 = C ·W2
Proposition 3.13 (essential vector [Ja-PS-Sh-2] Thm.4.1).






) = W (g) for ∀h ∈ GLn−1(OF ) ,









i=1 L(s;pi × χ′i)
)
Whittaker W ∈ Wψ(pi) , 
Proposition Whittaker W ess , pi essential vector
Fact 2 ([Ja-PS-Sh-2] lem.5.2) W ess tH(0)- (cf. Definition 3.1)
, Z(UX;W,χ′1, . . . , χ′n−1) = Z(X;W,χ′1U, . . . , χ′n−1U) ,
Ξ(W,χ′1, . . . , χ
′
n−1) ∈ C[χ′±1 , . . . , χ′±n−1]Sn−1 ,





Proof of Theorem. n,m, generic
pi ∈ GL(n)∧adm, pi′ ∈ GL(m)∧adm (cf. [ ] §1.2) m = n − 1
, Pn ,
Z(q−1X−1;W∨, χ′−11 , . . . , χ′−1n−1)∏n−1








1, . . . , χ
′
n−1)∏n−1
i=1 L(s;pi × χ′i)
, ε(X;pi, ψ) , ε- X = q−s
, W pi essential vector W ess, ψ , Proposition
3.13(2) , , q−1X−1 X, χ′−1i χ
′
i
Z(X;W ess∨, χ′1, . . . , χ′n−1)∏n−1








fan(pi) , ε(X;pi, ψ) = ε(0)×Xfan(pi) ,










, pi∨ essential vector W ′ess ∈ Wψ(pi∨) ,













, Z(X;W ess∨, χ′1, . . . , χ′n−1) = ∃C · Z(X;W ′ess+f , χ′1, . . . , χ′n−1) Fact
1 , W ess∨ = C · W ′ess+f H , Proposition 3.13(1) ,
GLn(F ) Fact 2 , W ′ess+f H(f
an)- , W ess
tH(fan)- fan ≥ 0 20 , 〈H(0), tH(fan)〉 = Kmirfan , W ess
Kmirfan -fixed
j ∈ Z≥ , Kmirj - Whittaker W [j] ∈ Wψ(pi)
H(0) ⊂ Kmirj , Ξ
(
W [j], χ′1, . . . , χ
′
n−1
) ∈ C[χ′±1 , . . . , χ′±n−1]Sn−1 ,
χ′1, . . . , χ
′
n−1 P ,
tH(j) ⊂ Kmirj , W [j] H(j)-
W
[j]∨
−j (∗) := W [j]∨



























(χ′1···χ′n−1)j P Q ,






× Ξ(W,χ′1, . . . , χ′n−1)
([Ja-PS-Sh-2] §4.2 (7)) W W [j] ,
Q(q−1χ′−11 , . . . , q
−1χ′−1n−1)







× P (χ′1, . . . , χ′n−1)
, χ′1, . . . , χ
′
n−1




χ′1 · · ·χ′n−1($)
)fan−j × P (χ′1, . . . , χ′n−1)
20 fan < 0 , 〈H(0), tH(fan)〉 = GLn(F ) , W ess =(const)
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, j ≥ fan
, j = fan , P , essential vector
(Proposition 3.13) W [j] = ∃C ×W ess , Vpi ∼= Wψ(pi) Proposition
3.3
§ 4. Hereditary order conductors
, pi Hereditary order ” ”
, Godement-Jacquet ε- 21 ,
, Bushnell ”type ” ,
(§4.4) supercuspidal pi ∈ GL(n)∧sc pi
, Theorems 5.10, 5.14 , supercuspidal
§ 4.1. Hereditary/Principal orders
, F n2-algebra A , A := Mn(F ) 22
Definition 4.1. A OF -order A hereditary , A-
M , M A-lattice A-
, A-lattice , A- OF -lattice
Fact A hereditary order A Fn lattice chain {Li}i∈Z , index
, , OF -lattice Li ⊂ Fn (i ∈ Z) , period e
lattice chain , (1) Li ⊂ Li+1 for ∀i, (2) Li+e = PFLi for ∀i e ∈ N
eA := (A lattice chain {Li(A)}i∈Z period ),
PA := (A Jacobson Jac(A) )
dimOF /PF Li(A)/Li+1(A) , n1, . . . , ne (n1, . . . , ne) ,
n , A× conjugation , hereditary order A












OF . . .
PF

21 , Jacquet-PiatetskiShapiro-Shalika ε(s;pi × 1, ψ) (cf. §4.3)
22[Bu-Fr] , A F n2-algebra , A := Mm(D), D
F d2-division algebra , n = md
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Definition 4.2. A hereditary order A principal , Jacobson
PA , 23A-
Fact A principal order ⇐⇒ n1 = n2 = · · · = ne(= n/eA)
DA := DFPAeA−1 principal order A different , DF =:
PdFF F different
§ 4.2. cpt-mod-ctr KA
, A = Mn(F ) A× = GLn(F ) G
A principal order A filtration
A ⊃ A ⊃ PA ⊃ PA2 ⊃ · · ·
, G filtration
G ⊃ A× ⊃ U1(A) ⊃ U2(A) ⊃ · · ·
, U j(A) := In + PAj , U0(A) := A× A




AutFq (Li−1/Li) ∼= GLn/eA(Fq)eA ,
U j(A)/U j+1(A) ∼= PAj/PAj+1 (j = 1, 2, . . . )
,
Proposition 4.3. j ≥ 1 , U j(A)/U j+1(A) χ , χ(In+
x) =: ψA(αχ · x) ,(
U j(A)/U j+1(A))∧ ∼= c(ψA)P−j−1F /c(ψA)P−jF
χ 7→ αχ + c(ψA)P−jF
, 
, ψA := ψITF · trA/F , ψITF :=( -Tate ), c(ψA) := D−1F
δχ := αχ + c(ψA)P−jF χ dual blob
G filtration , G U0(A) , KA :=
{
g ∈ G | g−1Ag = A}
, G modulo cpt-mod-ctr
Fact A principal order A G cpt-mod-ctr KA ,
23 - , -
24e = n , U0(A) J
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Definition 4.4. KA σ ∈ K ∧A ,
f(σ) := min
{
j ∈ Z | j ≥ 0, U j(A) ⊂ Ker σ}
, F(σ) := PAf(σ) σ conductor








[σ : χ] χ
χ , [σ : χ] χ σ , f f(σ)
Definition 4.5. , KA σ ∈ K ∧A
(i) f(σ) = 0 or 1,
(ii) f(σ) ≥ 2 , KA ∩ δχ 6= ∅ χ , (4.2.1)
σ ∈ KA∧ , σ τ(σ)
Proposition 4.6 ( σ [Bu-Fr] Thm.2.3.8).
σ ∈ K ∧A ,
σ ∈ K ∧A ⇐⇒ τ(σ) 6= 0

, τ(σ)
Definition 4.7. σ ∈ K ∧A conductor A different
c ∈ KA ; cA := DAF(σ) , Vσ operator∑
x∈U0(A)/In+F(σ)
ψA(c−1x) · σ(c−1x)
τ(σ) , σ Gauss
§ 4.3. L-
pi ∈ GL(n)∧adm , (ξ, ξ∨) cξ,ξ∨(g) =
< pi(g)ξ, ξ∨ > (cf. §2,3) Φ ∈ S(A)





(cf. Proposition 2.14 ) Re s 0 , s-
, q−s Laurent ,
Z(s; ξ, ξ∨,Φ) ∈ C[qs, q−s]






∣∣∣ ∀Φ ∈ S(A), ∀ξ∨ ∈ V ∨pi , ∀ξ ∈ Vpi}
, pi L-/ε- 25 ,
Proposition 4.8 ([Go-Ja] Thm.3.3).
G pi ,
(1) Ppi(X) ∈ C[X] ,
Ppi(q−s)×Z(s+ n− 12 ; ξ, ξ
∨,Φ) s for ∀Z ∈ ZIGoJa(pi)
,
(2) , L- L(s;pi) := 1/Ppi(q−s) ,
(4.3.1)
Z(1− s+ n−12 ; ξ∨, ξ, Φ̂)
L(1− s;pi∨) = ε(s;pi, ψ)×
Z(s+ n−12 ; ξ, ξ∨,Φ)
L(s;pi)
ε(s;pi, ψ) ∈ C[qs, q−s] , 
, ̂̂Φ(X) = Φ(−X) , ε(s;pi, ψ) C[qs, q−s]
q−s ,





cpi ∈ C×, fan(pi, ψ) ∈ Z , fan(pi, ψ) ≥ 0
§ 4.4. supercuspidal KA- ε-
ε- pi KA-
,
Theorem 4.9 ([Bu-Fr] Thm.3.3.8).
supercuspidal pi , principal order A ⊂ Mn(F ) cpt-mod-ctr KA
σ ∈ K ∧A pi (i.e. [pi : σ] ≥ 1)
25 , ZIJPSS(pi) L-/ε- pi generic
, L-/ε- (cf. [Jac-1])
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(1) σ′ ∈ K ∧A ,
[pi : σ′] ≥ 1 =⇒ F(σ) | F(σ′)
, F(σ) = F(σ′) ⇐⇒ σ′ , τ(σ) = τ(σ′)
(2) ε- ε(s;pi, ψITF ) , pi σ ∈ K ∧A ,






(F(σ))}1/2 , Q(F, σ) := NA(DAF(σ))1/n
, A I , NAI := [A : I] 
Theorem (2) ε- , fan(pi) pi
26
Corollary 4.10. Theorem GLn(F ) supercuspidal pi
,





Proof. (4.3.2) Theorem (2) , cpi(q−s)f
an(pi,ψITF ) = W (σ)Q(F, σ)(
1
2−s)
s = −2, s = −1 , qnfan(pi,ψITF ) = NA
(DAF(σ)) ,
DA = PdFF PAeA−1, F(σ) = PAf(σ) , NA(PA) = qn
2/eA , NA(PFA) = qn2 ,
NA
(DAF(σ)) = (qn2/eA)eA+f(σ)−1 × (qn2)dF
, q Corollary




Φ(g) | det g|s pi(g) dg
, < Z(s; Φ, pi).ξ, ξ∨ >= Z(s; ξ, ξ∨,Φ) for ∀ξ ∈ Vpi, ∀ξ∨ ∈ V ∨pi (cf.
[Go-Ja] p.34-p.35) (4.3.1) pi L- (Theorem 5.5) ,
(4.4.1) tZ(1− s+ n− 1
2




26Corollary ndF , -Tate ψ
IT
F conductor , ψ
◦
0 , supercuspidal pi σ , (i.e. f(σ) ≥ 1)
([Bu-Fr] Thm.3.3.2) , fan(pi, ψ◦) ≥ n , pi ∈ GL(n)∧sc , period




, ε(s;pi, ψITF ) pi KA-type σi (i ∈ N) ,
F(σ1) | F(σ2) | · · · | F(σ) | F(σr+1) | · · ·
σ , r σr Vσi basis ,
i = 1, 2, . . . Vpi base B v ∈ B , < v, v∨ >= 1
V ∨pi base B∨ basis , (v, v∨)- Z(s; v, v∨,Φ)
ZB(s;pi,Φ)
, (4.4.1) pi(g) = diag
(
σ1(g), . . . , σ(g), σr+1(g), . . .
)
,
test Φ In + F(σ) chUf(σ)(A)
(4.4.2) ZB(s;pi, chUf ) =
∫
Uf









, (4.4.1) Ψ := chF(σ) Ψ(x− In) = chUf (x)











, cA = DAF(σ) c ∈ KA ,





ZB(s;pi∨, ĉhUf ) =
∫
A×



































, s 1− s+ n−12 Cj(pi∨)
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fan(pi, ψITF ) , j
Cj(pi∨)
, j = 0 C0(pi∨) 6= 0 , j = 0 Cj(pi∨)
U0(A) , x ∈ U0(A) pi∨(c−1x) = diag(σ∨1 (c−1x), σ∨2 (c−1x), . . . )
, U0/Uf = A×/(In + F(σ)) , ψA(c−1x)pi∨(c−1x)
, C0(pi∨) r- ( σ-isotypic) ,






, σ Proposition 4.6 ,
, c | det c| = NA
(DAF(σ))−1/n , (4.4.4) σ-
, Theorem (2) (1) ,
§ 5. Appendix GLn(F ) L-/ε-
Appendix p- F GLn(F ) ,
Bernstein-Zelevinsky L-/ε-
OF , pi , §3
§ 5.1. Praboric induction supercuspidal
Definition 5.1. GLn(F ) (pi, Vpi) ,
smooth (i.e. ∀ξ ∈ Vpi , Stb(ξ) ⊂ GLn(F ) open) ,
K ⊂ GLn(F ) , V Kpi
GL(n)∧adm := {GLn(F ) (pi, Vpi)}/ ∼








. . . ∗
Inr
]
∈ GL(n)} =: Mn.Nn
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, n = (1, . . . , 1) , P(1,...,1) = M(1,...,1).N(1,...,1) Bn = Tn.Un ,
GL(n) Borel , M(n−1,1) GL(1)- {1}
P(n−1,1) Pmir Pmir ,
Mn GLni(F ) (σi, Vi) ∈ GL(ni)∧adm 28
IGP (σ1, . . . , σr) := Ind
GLn(F )
Pn(F )
δ1/2n (σ1  · · · σr)⊗ 1Nn(F )
, δn(m) :=
∣∣ det(Ad(m)|LieNn(F )) ∣∣F , for m ∈ Mn(F ) , Pn
modulus character 29
, ” ” , s ∈ C
σ ∈ GL(n)∧adm , σ(s) := σ ⊗ | · |s : g 7→ | det g|sσ(g) ,
Theorem 5.2 ( ).
IGP (σ1, . . . , σr) ⇐⇒
{








Definition 5.3. pi ∈ GL(n)∧adm supercuspidal ,
IGP (σ1, . . . , σr) (r ≥ 2) pi
, P = MN , pi Jacquet VN := Vpi/{pi(n).ξ
− ξ | n ∈ N, ξ ∈ Vpi} {0}
GL(n)∧sc := {GLn(F ) supercuspidal (pi, Vpi)}/ ∼
Note σ ∈ GL(n)∧sc , σ(s) ∈ GL(n)∧sc
, GL(n)∧adm ,
Theorem 5.4 ([Be-Ze-1], [Be-Ze-2]).
(1) GL(ni) σi (i = 1, . . . , r) ( ) , IGP (σ1, . . . , σr)
(2) pi ∈ GL(n)∧adm , (n1, . . . , nr) ` n, σi ∈ GL(ni)∧sc
, pi IGP (σ1, . . . , σr) 
28 , Lie G H smooth (σ, Vσ) , G smooth Ind
G
Hσ
, C∞σ (H\G) := {f : G → Vσ | f(hg) = σ(h).f(g),∀h ∈
H, ∀g ∈ G} , G σ IndGHσ induced picture
29Borel Bn = P(1,...,1) δBn (diag(t1, . . . , tn)) = |t1|n−1F |t2|n−3F · · · |tn|1−nF
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pi , IGP (σ1, . . . , σr)
Theorem (2) (σ1, . . . , σr) ∈ GL(n1)∧sc × · · · ×GL(nr)∧sc
pi supercuspidal support
Theorem 5.5 (L- [Go-Ja] Prop.5.11).





§ 5.2. supercuspidals discrete series
Definition 5.6. pi ∈ GL(n)∧adm essentially square integrable
, pi cξ,ξ∨ ( , ξ ∈ Vpi, ξ∨ ∈ V ∨pi GLn(F )
cξ,ξ∨(g) := 〈pi(g)ξ, ξ∨〉 )
∫
Z(F )\GLn(F ) |cξ,ξ∨(g)|2χ(det g)dg
χ : F× → R×+ , χ = 1F× , pi ,
discrete series
GL(n)∧eds := {GLn(F ) essentially square integrable (pi, Vpi)}/ ∼
GL(n)∧ds := {GLn(F ) discrete series (pi, Vpi)}/ ∼
Note supercuspidal , mod.Z(F ) compact support
, supercuspidal essentially square integrable GL(n)∧sc ⊂ GL(n)∧eds
,
Definition 5.7. r ∈ N σ ∈ GL(m)∧sc ,
∆(σ, r) := [σ, σ(1), . . . , σ(r − 1)]
r, rm segment segment ∆







σ  · · · σ(r − 1))⊗ 1N(m,...,m)(F ) ∈ GL(rm)∧adm
(Theorem 5.2) , IGP (∆) ,
Theorem 5.8 (Bernstein-Zelevinsky [Zel]).
(1) IGP (∆) , 2
r−1
(2) IGP (∆) , - , Q(∆) Z(∆)

30 Theorem statement , GLn(F ) inner form GLm(D) (D F division algebra)
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, Q(∆) , discrete series
Proposition 5.9 (Bernstein).
(1) Q(∆) , essentially square integrable ,
segment σ( r−12 ) unitary , Q(∆) discrete series
(2) , discrete series pi ∈ GL(n)∧ds , segment ∆
(i.e. ∃!rm = n, ∃!σ ∈ GL(m)∧sc ), pi IGP (∆) Q(∆) 











Note GL(n)∧ds\GL(n)∧sc 6= ∅ special
Steinberg
n = (1, . . . , 1) ` n( P = B) , supercuspidal σ ∈ GL(1)∧sc | · |
1−n
2
, segment ∆ = (| · | 1−n2 , | · | 3−n2 , . . . , | · |n−12 ) , Borel B modulus character δ1/2B
, segment ∆
IGB (∆) = {f : GL(n;F )→ C⊗n : smooth | f(mng) = δ1/2B (m)∆(m)f(g)}





, smooth GLn(F )- 1GLn(F ) Z(∆) ,
Q(∆) Steinberg St
Theorem 5.10 (L-/ε- [Hen-2] p.153).







s ; σ(r − 1)) = L(s+ r − 1 ; σ),
ε
(




s ; σ(0), ψ
)× · · · × ε(s ; σ(r − 1), ψ)
×L




) × · · · × L(− s ; σ∨(−(r − 2)))
L
(
s ; σ(r − 2))

Note L- , segment ∆ = [σ, . . . , σ(r − 1)] top twist | · |r−1
, ε- , twist | · |0, . . . , | · |r−1
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§ 5.3. discrete series admissible dual
Bernstein (Proposition 5.9) , GL(m)∧sc (m n )
, essentially square integrable ,






Q(∆1), . . . , Q(∆r)
)




Q(∆1) · · ·Q(∆r)
)⊗ 1Nn(F )
” ” ,
Theorem 5.11 ( ).
IGP
(
Q(∆1), . . . , Q(∆r)
) ⇐⇒ ∆i ∆j linked i, j 
IGP
(
Q(∆1), . . . , Q(∆r)
)
, GLn
Proposition 5.12 (GL(n) Langlands ; [Zel] Thm.6.1).
pi ∈ GL(n)∧adm , i < j ∆i ∆j precede
segments ∆1, . . . ,∆r , pi IGP
(
Q(∆1), . . . , Q(∆r)
)
Q(∆1, . . . ,∆r) 
Note segments i > j , pi ∼= Z(∆1, . . . ,∆r)
, ”linked”, ”precede”
Definition 5.13. segments ∆ ∆′ ,
(1) ∆ ∆′ linked , ⇐⇒ ∆ 6⊃ ∆′, ∆ 6⊂ ∆′ ∆ ∪∆′ segment
(2) ∆ ∆′ precede , ⇐⇒ ∆ ∆′ linked σ(k) = σ′, ∃k ∈ N
Bernstein-Zelevinsky Langlands 31 ,
Theorem 5.14 (L-/ε- ).








)× · · · × L(s ; Q(∆r))
ε
(




s ; Q(∆1), ψ
)× · · · × ε(s ; Q(∆r), ψ)

31Langlands , G ,
p- GLn(F ) , Bernstein-Zelevinsky ,
/ Lie G(R),G(C) , Langlands
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§ 5.4. discrete series tempered
discrete series , Ramanujan 32
Definition 5.15. pi ∈ GL(n)∧adm tempered ,
pi cξ,ξ∨ L
2+(Z(F )\GLn(F )) (for∀ > 0)
( , Zn GL(n) )




Q(∆1), . . . , Q(∆r)
) ⇐⇒ (∆i,∆j) linked
,
Proposition 5.16 ([Jac-2]). ,
(1) IGP
(
Q(∆1), . . . , Q(∆r)
)
, tempered
(2) , tempered ∀pi ∈ GL(n)∧temp , τi ∈ GL(ni)∧ds (i = 1, . . . , r)
, pi IGP (τ1, . . . , τr) 
Langlands Proposition 5.12
Corollary 5.17 ([Kud] Thm.2.2.2).
pi ∈ GL(n)∧adm , pii ∈ GL(ni)∧temp xi ∈ R, x1 ≥ · · · ≥ xr
, pi IGP
(
pi1(x1), . . . , pir(xr)
)

Note GL(n)∧temp\GL(n)∧ds 6= ∅ 33




Q(∆1), . . . , Q(∆r)
)
↗
GL(∗)∧sc ⊂ GL(∗)∧eds ⊂ GL(∗)∧temp ⊂ GL(∗)∧adm
σ 7→Q(∆(σ, r)) 7−→ Q(∆1, . . . ,∆r)




§ 5.5. generic temperedness
, smooth Whittaker ψ : F → C×
, Un(F ) ψUn n 7→ ψ(n1,2 + · · ·+ nn−1,n) ψUn
IndGLn(F )Un(F ) ψUn induced picture
C∞ψUn (Un\GL(n)) := {f : GLn(F )→ Cψ smooth | f(ng) = ψUn(n)f(g)}
GLn(F )
Definition 5.18. pi ∈ GL(n)∧adm generic 34 ,
GLn(F )-intertwiner








IndGLn(F )Un(F ) ψUn
)
(g).Λψ(ξ) = Λψ(ξ)(g−) = ψUn(n)× Λψ(ξ)(ak−)
GLn(F )-intertwiner Λψ (pi, Vpi) Whittaker
Note , genericity ψ
GL(n) , G ψ
, Bernstein-Zelevinsky Segment generic
Theorem 5.19 (generic [Zel] Thm.9.7).
pi = Q(∆1, . . . ,∆r) generic
⇐⇒ (∆i,∆j) linked 
, Langlands Proposition 5.12
Corollary 5.20. pi ∈ GL(n)∧adm generic =⇒ pi ∼= IGP
(
Q(∆1), . . . , Q(∆r)
)

33 , G ,
(G∧temp ∩G∧coh)\G∧ds 6= ∅ ⇐⇒ G∧ds = ∅ ⇐⇒ rkRG 6= rkRK
, discrete series , tempered cohomological , dis-
crete series , cohomological non-tempered Aq(λ) ([Bo-Wa]
Thm.III.5.1)
34Shalika GLn(A) pi ∼= ⊗′vpiv piv , generic
Note : residual pi , tempered
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, r = 1(i.e. 2-Step IGP ) pi = Q(∆) , Proposition 5.9 ,
Corollary 5.21. 35∀pi ∈ GL(n)∧ds ess′ly square int′ble =⇒ pi : generic 
Note Corollary , ,





piv ∈ GL(n)∧temp −→ piv : generic
∪
piv ∈ GL(n)∧ds ↗
GRC GL(n) , G i.e.




, with piv 6∈ G(F )∧temp
,
Conjecture 5.22 ([Jac-1]). G(A) generic cuspidal piW ∼=





generic ” =⇒ ” piWv ∈ G(K)∧temp 
§ 5.6. unitary Tadicˇ
Definition 5.23. pi ∈ GL(n)∧adm unitary ,
Vpi Hilbert , ∀g ∈ GL(n) pi(g)
(i.e. ∀ξ ∈ Vpi , ||pi(g).ξ|| = ||ξ|| )
GL(n)∧ := {GL(n) unitary (pi, Vpi)}/ ∼
Note GL(n)∧ds ⊂ GL(n)∧ ⊂ GL(n)∧adm
, unitary dual , GLn(F )














uc(τ, r, α) := IGP
(
u(τ, r)(α), u(τ, r)(−α)).
, τ ∈ GL(m)∧ds, r ∈ N, α ∈ (0, 1/2) , unitary
35Proposition 5.16 , tempered pi ∈ GL(n)∧temp , generic
Note : GL(n) , G
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Theorem 5.24 ([Tad] Thm.D). unitary B
B := {u(τ, r), uc(τ, r, α) | τ ∈ GL(m)∧ds, r ∈ N, α ∈ (0, 1/2)}/ ∼
(1) pi1, . . . , pir ∈ B , unitary IGP (pi1, . . . , pir) ∈ GL(n)∧
(2) , unitary ∀pi ∈ GL(n)∧ , pi1, . . . , pir ∈ B
, pi IGP (pi1, . . . , pir) 
§ 5.7. spherical L-
Definition 5.25. pi ∈ GL(n)∧adm spherical ,
hyperspecial K ξ◦ 6= 0 (spherical vector
) V Kpi 6= {0} , hyperspecial 36
, K := GLn(OF ) spherical
GL(n)∧sphl := {GLn(F ) spherical (pi, Vpi)}/ ∼
Fact pi ∈ GL(n)∧sphl , dimC V Kpi = 1 spherical vector
Theorem 5.26 (spherical ). 37
χ1, . . . , χn GL(1) spherical ; χi ∈ GL(1)∧sphl ( , F×
) χ1, . . . , χn precede
(1) IGB (χ1, . . . , χn) Q(χ1, . . . , χn) , spherical
(2) , spherical pi ∈ GL(n)∧sphl , χ1, . . . , χr ∈ GL(1)∧sphl
, pi Q(χ1, . . . , χn) 
Definition 5.27. spherical pi ∈ GL(n)∧sphl , Theorem







, pi , $ OF









, q OF /PF
36 , K , ”hyperspecial” , GL(n)
, GSp(4) ,
37 , spherical Hecke
38 spherical pi ∈ GL(n)∧sphl , ε- ε(s;pi, ψ) = 1 See §3.3
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